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Abstract: The primary purpose of this examination is to develop an innovative analytical technique for
solving both linear and nonlinear fractional partial differential equations (FPDEs) by integrating the Variational
Iteration Method (VIM) with the Yasser-Jassim Transform. This mixed approach utilizes the strengths of both
methods to convert fractional derivatives into algebraic forms, simplifying the solution procedure. The Yasser-
Jassim Transform excels at handling fractional derivatives, while the Variational Iteration Method provides a
solid foundation for developing iterative solutions.

Some well-known equations serve to illustrate the validity and effectiveness of our integrated technique for
treating FPDEs.
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fractional equation.

1. Introduction:

Numerous studies have focused on developing
and applying advanced and efficient methods for
solving fractional differential equations, such as
the Adomian decomposition method [1], the
homotopy perturbation method ([2], [3]), and the
Variational Iteration Method ( [4],[5]).

More recently, many researchers have used the

Variational Iteration Method (VIM) combined
with integral transforms, employing several such
transformations, including the Laplace transform
[6], Sumudu transform [7], Aboodh transform [8],
and Shehu transform [9], among others.
In 2025, Mohammed T.Y. and Hassan K. J. [10]
created another integral transform as a
generalisation of the Laplace transform, which is
called the Yasser-Jassim transform, and used it to
solve ordinary differential equations and integral
equations.

This work investigates the performance of the
variation iteration method combined with the
Yasser-Jassim transform applied to both linear and
nonlinear fractional partial differential equations
(PDEs). This kind of equations has the form:[11]

DEI(x,T) + LI(x,T) + NI(x,7) =
(1), n—1<a<n n=12,. (1.1
with initial conditions

n-1
U0 = s 1), (1.2)
where Df = % is the Caputo fractional
derivative, and L, N symbolize the linear
differential operator and the general nonlinear
differential operator, respectively, @(x,7) is the

source term.

2. Mathematical Background
To realize the success of the proposed approach,

one must first grasp the essential components on
which it is based: fractional calculus, the Yasser-
Jassim transform, and the variational iterative
method. This part begins with an overview of the
essential concepts.
2.1 Fractional Calculus

Fractional calculus extends basic integer-order
notions to include non-integer (fractional) orders.
This concept is quite beneficial in mimicking
systems that have memory behaviours or
historical implications. Examples include heat
diffusion in complex-structured materials and
fluid flow in porous media. The definitions and
remarks presented in this section are summarized
from [3], [8], [12], and [13].
Definition 2.2

For a finite interval Y = [a, b](— < a < b <
), and a € R. The Riemann—Liouville
fractional integral I* 7 of order « is defined as
[13]

T
1 Q)

(1 D) = r(a)of G- pie om0
n(), a=0.

Here I'(.) is the gamma function.

Theorem2.1 [12] If n(7) € AC™[a, b], then the

Caputo fractional derivative (°DZ n)(7)exists

almost everywhere on [a, b]. If @ € N,

( °D¥ n)(7) is represented by
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1t ™
r(n-a) fO (t—x)@—n+1 dy, 2.1

(“Dr m(r) =
where D =d%,a >0 andn = [a] + 1.
Remark2.1 In the sequel, we consider the time-
fractional derivative in Caputo’s sense. When

a € R* | the time-fractional derivative is defined
as

(°DE M(x,7) =
9% (x,7) dr,

1 ff 1
In—-a)’0 (t—y)@—n+l gza

n—1<a<n,

amn(x
D, o,
(2.2)
where n € N*.
Definition 2.3. The Mittag—Leffler function
E, (1) is a generalization of the exponential

function e?, and define by

(oo} Tn
Ea(T) = ;m, RE((Z) > 0,7 €C. (23)

2.2 The Yasser-Jassim Transform ( YJT) [10]
The YJ-Transform is an integral transform
invented by Mohammed T.Y. and Hassan K.J. in
2025; they used it to solve ODEs and IE, and it
has proven successful. This transform has
properties that make it ideal for fractional
derivatives, simplifying the solution of complex
equations.
Definition 2.4
Let (7) be an integrable function defined for
T = 0. The YJ-transform of n(t) is defined by the
following formula

[oe]

Y/(n(v)) = K(a) = af e va n(t)dr
0
= a;i_l;l;lo fobe_%r n(@)dr; a+0. (24)

The inverse YJ-Transform is given as

YK (@)] = n ().

2.2.1 YJ-Transforms of Some Basic Functions:

e Y/(1)= ava.
kt) — ava
* Y](e ) T 1-kva
n+1
e Y/(t™)=nlaaz,n=0,1,2,...

a+1
e Y(t™") =aazl(a+1),a=0.
Existence, uniqueness, and other fundamental

properties of the YJ-Transform are fully
established in ([10], [14]).

Property2.2
Assume K(a) and G (a) are the YJ-Transform of
f (1) and g(7), respectively. Then
i The YJ-Transform is a linear transformation,
that is, for constants y,
YIlvf(®) + Bg(®)] = vK(a) + B G(a),
il. The YJ-transform of their convolution is
given by
VI * @] =~ K(@)G(a).
Theorem 2.3
Let n(7) be an integrable function and
Y/(n(x)) = K(a), then forn = 1,2,3,...

1
Y/[ 1™ @] == YI(n(@®)

az
-1

S

k-n+3

n%(0), (2.5)

=
Il
o

Theorem 2.4
If K (a) is the YJ-transform of the function
1(7), then the YJ-Transform of
i. the Riemann-Liouville fractional integral
of the function 7n(7) of order a, is given
by
Y% 5(0) = az K(a),a >0,
il. the Caputo fractional derivative of n(t)
of order a, is given by

1
vj( D¢ (@) =— VI[n(@)]
anz_l k—a+3
- a(T) n(k) (0),
k=0
n—1<as<nneN.

Proof

For this particular theorem, we used the
approach of Ali Khalouta [15], which has been
effective in previous evaluations of this type.
i Utilizing definition2.1, we have

« vy L [_ @)
1 DO = 15 Of e

= w5l 100G - 0* " dx.

— 1 a—-1
—@Of(r—x) (0 d,

— 1 a—-1
= m s n(1).

Thus,

U M@ =55 17+ 7@ (2:6)
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Operating the YJ-transform on both sides of Eq
(2.6) and utilizing property 2.2(ii), we obtain

vj(1* n@) =

T(a)
We have,
Y]z D =a az r'(a).
Therefore,

V(1% 1) =a?K().
il. Let f(r) = n™ (1), utilizing definition 2.2,

we get
¢ ey = 1w
e — ) G
0
= mf =[5 =" ™) dy.

f( — 0" f( dy,

F(n a)
= /"¢ f(‘r).
Thus
@ =1"" f(@. (2.7)

Applying the YJ-transform to both sides of Eq.
(2.7) and using Theorem 2.2, we obtain

vj(ep* n(@) =vi(1"* f())
a7 v)( f@),
a7 v (19m),

a7 —Y](n(f)) Z = 0 ),

- = Y](n(f)) Z 1®(0).

Prop0s1t10n 2.2

The Yasser-Jassim transform of the function
1n(x, t) with the Caputo fractional derivative of
order a is given by

YJLCDE m(xD)]
1
=—z YJ[n(, 1]

IR

a
n—

nN

(52 910 G.0)

B ¢ atk

S
T
= o

<a<sn,
n=12,.. (2.8)

( Y] (x9N Y] (n(r))).

2.3 Variational Iterative Method (VIM):

The variational iterative method is an efficient
semi-numerical analytical approach for solving
linear and nonlinear differential equations. It
relies on constructing an iterative correction
function that allows rapid convergence to an exact
or approximate solution.

2.3.1 Corrective functional construction
To resolve a general nonlinear PDEq. (1.1), a
correction function can be constructed as follows:

U1 (6 1) = 9,(r, )
+ f YO0 [ $D&9, (x,0) + L9, (x,0) + NI, (x, V)

0
- o, l)] di.

The iterative formulation involves a Lagrange

parameter y, whose value is computed via

variational theory. The subscript n represents the

order of approximation in the solution sequence,

where I, is a function according to the restricted

covariance constraint, i.e., the covariance is zero.

3. Analysis of FVIYJM

Yasser-Jassim's fractional variational iterative
transform (FVIYJM) technique combines the YJ-
transformation with variational iterative
techniques to provide a unified framework for
solving FPDEs. To discuss the solution procedure
of this method, we take a general nonlinear PDE
of fractional order as in Eq. (1.1); we do the
following basic steps:

e Utilizing the YJ-transform on both sides of
(1.1), we get

YI[DF9(x, D] + YI[LI G, D] + YIINO(x, )] =

Y] [o(x, D).

Then Proposition 2.2 enables us to write

= (ks 059(x, 0
YI[9(, D] = Z( ke2) 079, 0)

otk
k=0

a
+az[v] [p(r. 0]
— a2[YJ[Lo(x, 7))
+ YJ[NO(x, D)]]- (3.1)
e  Operating the inverse YJ-transform on both
sides of Eq. (3.1), we obtain

906 1) = GOpr) — V™ {a 2 [Y[L9G D] +
YJINO G, D1 }. (32)

Where G (y, T), represents the term arising from
the source term and the prescribed initial

conditions. Applying % on both sides of Eq.(3.2),

we have
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200 1 2 (v {a [y L9G D) + 99(1,7)
VN9 0] }) - 222 = o, (33) ot
According to the VIM [5], [16], we can construct P 9
a correct functional as follows - ({( a %) [Y ] [ XXz 1) — H D
Onar (01 = 0,000) = f [‘”n(w) T (4x% — 21+ 2)9(x, 1)
=0 (4.4)

E(Y] {(az) [YJ L9, (x, 0] +

YN, (011 }) - X2 a.
We have, 9(x, 1) _n_l}oT 9, (x, ).

For numerical purposes, we can use the (n + 1)*"
approximation, or this approach may give the
exact solution if a closed-form one exists.
4. Application and analysis of results

In this section, the effectiveness of this
approach is evaluated by testing it on three
commonly encountered FPDEs, as shown below,
and comparing the results with other PFDE
solutions in terms of accuracy and efficiency.
4.1 Time-fractional Cauchy reaction—diffusion

(3.4)

equation
Consider the equation as [12]
( DEI(T) =0, (1) — (4x? — 2t + 2)9(x, 1),
0<ac<l,
9(x,0) = eX”,
4.1)

Utilizing the YJ-transform on both sides of (4.1)
and using its differentiation property, we get

V90D = a2 e + (aF) [¥] [8,,007) -

(4x? =20+ 2)9(x, r)]]. 4.2)
Taking the inverse YJ-transform of Eq. (4.2), we
can find

9067 =X’ +1)7{(a %) [V [9,2Ge0) -
(4x? — 20+ 2)9(y, ‘r)]] } (43)

Operating :—T on both sides of Eq. (4.3), we have

USif‘lg Eq. (3.4), we obtain
a6 7) = 0, (0, 7) — f [250
E(Y] {(a 2) [Y] [1971,)()(()(‘ ) — (4)( —2t+

09 (x, L)

2)9,010]] })] e (4.5)
Utilizing formula (4.5), the first iterations are
given by
9 (x,7) = e,
5 Z,L.tx+1
=X 1+ ——
191()(' T) e ( + F(a + 2))!
) 2.[a+1
9,(x,7) = eX b
2T = e " Tar2)

AT (ar + 3) 7292
M(a+ 2T (2a + 3))

193()(! T)
27+t 4T (a + 3) t2a+2

= e (1 " T+  Terrea+3)
8T(a + 3)[(2a + 4) T3%+3
I(a + 2)I(2a + 3)[ (3 + 4))'

Hence, the solution of Eq.(4.1), is given as

— i ( 27at1 4T (a+3)T2%+2
o) =e 1+ r'(a+2) I'(a+2)F(2a+3)
8l (a+3)I(2a+4)r3%+3
M(a+2)F(2a+3)Tr(3a+4) ’
o ( 274+ 4(a+2) T2%*2
€ 1+ I'(a+2) rca+3)
8(a+2)(2a+3) r3%+3 )
_— <
r(3a+4) » 0<as=1

The obtained solution is associated with the
results reported by Kumar S [12]. Furthermore, by
setting a = 1, the exact solution of Eq. (4.1) is

given by 9(x,7) = eX**7.

Tablel: Comparison of the Exact Sol. and app. sol 9(x, 7)) Eq. (4.1) fora =1, 0.55,n = 4

X T Exact Sol. App. Sol App. Sol Egps(a=1) Egps(a = 0.55)
a=1 a = 0.55

0.25 | 0.25| 1.13314845 | 1.13314777 | 1.26851158 | 6.85336109 x 10~ 0.13536313

0.50, 1.36683794 1.36665565 | 1.83118875 1.8229 x 10~* 0.46435081

0.75| 1.86824596 1.86325513 | 3.05695091 499082 x 1073 1.18870496

1 2.89359594 2.83865189 | 5.53640224 5.494405 x 1072 2.6428063

0.50 | 0.25| 1.36683794 | 1.36683711 | 1.53011704 | 8.26673145 x 10~ 0.1632791
0.50] 1.64872127 | 1.64850138 | 2.20883527 2.1989 x 10~* 0.560114

0.75| 2.25353479 2.2475147 3.68738666 6.02008 x 1073 1.43385188

1 3.49034296 3.42406778 | 6.67817586 6.627518 x 1072 3.1878329

0.75 | 0.25| 1.86824596 | 1.86824483 | 2.09142203 | 1.12992822 x 10~° 0.22317607

0.50 2.25353479 | 2.25323423 | 3.01911985 3.0055 x 1074 0.76558506

0.75| 3.08021685 3.07198837 | 5.04006000 8.22848 x 1073 1.95984315

1 4.77073318 | 4.68014575 | 9.12798414 9.058743 x 1072 4.35725096
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Fourth-Order Approximate and Exact Solutions at 7= 1
olx. 1

160

..... Exact. sol a = 1

100 —— App.sol a=
—— App.sol @=055
—— App.sol =07
—— App.sol @=085

0 1

Figure 1: 2D Surface behavior of 4th-order
approximate solutions of Eq. (4.1) over -2<x<2
at t = 1 for different values of a and the exact
solution.

(a)

4th-order Approximate Selution for &

Absolute error for different fractional orders
T T T

—— Eabs,a=1

2ol | memee= Eabs, a= 0.55
——— Eabs, a = 0.70
----- Eabs, a = 0.85

Absolute error

Figure 2. Absolute error for different values of a, with
7=0.25,0.50,0.75,1, y = 0.25,0.50,0.75.

(©)

4th-order Approximate Solution for
gt

(d)

Figure 3: 3D comparison of the fourth-order approximate solution 9(y, ) of Eq. (4.1) for different
valuesof a: (a) @ =0.55, (b)) a =0.7,(c) a = 0.85, and (d) a = 1.

4.2 Nonlinear time-fractional gas dynamics
equation [7]
The equation is given by

°pEI(x, 1) +§19;—19(1—19) =0,7>0,0<a<1,

I9(x,0) = e 2.
(4.6)
Utilizing the proposed method on Eq. (4.6), and
using the obtained formula, the first iterations are

given as
190()(' T) = e_)(’
Ta
—e X -
hlen =e (1 +F(a+1)>'

a
—e X 1 J—
9007) = e ( e+ D
TZC(
T Tear D)
a
—e X 1 J—
9:00T) = e ( e+ D
TZa T3a

" Tear D) " TBar D)

' ka
= e xyn _©
U, (X, T) e™* Y=o T(kat1)’
Then, the approximate solution of Eq. (4.6) is,
I 1) =lim 9,(x, 1),
n-—-oo
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=lim e™* N L
T e Z F(ka T 1) ’ ) =eeee Exactsol. a= 1
= e XE (T,&SO 0<a<l v‘ A
* ’ - o hmsola=05

The obtained solution is associated with the — App.sol.a=07

results reported by Singh, J., Kumar, D., and

Kiligman, A. [17], as well as Abedl-Rady et al. o
[7]. Furthermore, by setting a = 1, the exact

solution of Eq(4.6) is given by 9(y, 1) = e 7. = o o % '
Figure 4: 2D Surface behavior of the 4th-order
approximate solution of Eq. (4.6) when x=1 for
different values of a and the exact solution.

—— App. sol. a= 0.85

(©)

(@)

te Solution for &

(b)

4th-order Approximate Solution for &

V Figure 5: 3D comparison of the fourth-order approximate solution 9(, 7) of Eq. (4.6) for different values of a:
(@) a=0.55 (b)a=0.7,(c)a=0.85 and(d)a=1.

4.3 The time-fractional Fisher’s equation 9 _ 1
(TFFE): The TFFE equation is defined as 106 0) = (1 + ex)?
6e2X 2eX
DEI(x,T) = Dy + 6g( 1- 19)1, >0, axen Trenps
<ac<sl,
(4.7) 4 LZ
o o 1+ex)
0. 0) = oo 6 ¢
(1+ex)*)T(a+1)
Utilizing the proposed method on Eq. (4.7), and 1 10eX T%
then using the obtained formula, the first = (1 + ex)? + (At eX)T(a+1)

iterations are given as

1
9o(x, 1) = Aren?
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9 _ 1
(1) = A+er? +
10e% ¢
(1+ex)3T(a+1)
50eX(2eX —1) 2@
1+ex)* TQRa+1) Solution at x =1

600e2X 32 T2a + 1)
(1+ex)6 I2(a+ DIrGBa+ 1)

1 10eX @
() = (1+eX)2 ' (1+eX)3 I(a+1)
50eX(2eX-1) 72%
(1+eX)*  T(2a+1) -
600e?X  t3%rQ2a+1)
(1+eX)6 rz(a+1)rGa+1)

Eq. (4.7) becomes,
O (X, T) =0y + 69(1—9), >0,
when a = 1. Which has an exact solution,

1
19(){,‘[) = m

As shown by Al-deiakeh, R., et al [18].

)
T

Figure 6: 2D Surface behavior of the 4th-order
approximate solution of Eq. (4.7) when x=1 for
different values of @ and the exact solution.

& > i’l:
ST O
S T
L ZHAL

SRR LZLAL LT
SRR,
L%

S = ;
A AT e
R I 7
S S
R S S
AT TATTAIAY
LR ......#. LA

Figure 7: 3D comparison of the third-order approximate solution 9(y, 7) of Eq. (4.9) for
different values of a (@) @ = 0.55, (b) «a =0.7,(c) a =0.85, and (d) a = 1.

5. Results and Discussion
Three numerical examples were provided to

demonstrate the suggested FVIYJTM approach
for solving FPDEs.

For the first example(4.1),
e The exact solution was compared with
the four-term FVIYJTM for different

values of y, T, and a.
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e Table 1 compares the exact solution with
the four-term approximate solution
9(x, 7)) of Eq. (4.1)fora =landa =
0.55. It also presents the absolute error
for different values of  and 7.

e  The results show that @ = 1 yields a
more accurate approximation, whereas
a = 0.55 causes larger errors, especially
for large values of .

e Figures 1, 2, and 3 extend this
comparison to all considered fractional
orders ¢« = 1,0.55,0.70, and 0.85.They
show that the error increases as the
fractional order decreases, with the
largest error occurring for @ = 0.55.

Thus, the table provides a numerical comparison,
while the figures illustrate the behaviour of the
solutions and errors across all fractional orders of
Example 4.1, proving that as the fractional order a
approaches 1, the approximate solution becomes
increasingly close to the exact solution.

The results of the second and third examples
were reported more succinctly; they showed
similar agreement with the previous studies ([7],
[17], and [18]) and confirmed the applicability of
the proposed method to FPDEs.

6. CONCLUSION

This work proposes an innovative and efficient
analytical approach for solving linear and
nonlinear fractional partial differential equations.
The methodology, called FVIYJTM, combines the
power of the Yasser-Jassim transform with the
advantages of the iterative variational approach.
The application examples presented in the article
demonstrate the efficiency and relevance of this
method. FVIYJTM significantly reduces
computational complexity. FVIYJTM is effective
for researchers and engineers working on
complex processes using fractional modelling. It
is easy to use and can handle nonlinearities,
making it an excellent solution for future

applications across all scientific and technical
fields.
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