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Abstract: The discrete Putzer algorithm is examined in this work as an effective technique for resolving linear
and nonlinear difference equations. The approach simplifies calculations and offers analytical answers by
utilizing matrix theory and eigenvalue analysis, particularly for higher-order and non-homogeneous systems. Its
efficacy is demonstrated by examples such as Fibonacci sequences and population dynamics. The Cayley-
Hamilton theorem is applied to increase the algorithm's usefulness and make it a potent tool for dynamic systems

in both theoretical and practical settings.
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Introduction:

he sciences in the area of difference equations, the
difference equations are important for simulating
dynamic systems in general. They are frequently
employed to show phenomena in signal processing,
economics, population  dynamics, and other
disciplines that study discrete processes. The need to
figure out effective methods is motivated by the fact
that solving these equations analytically, particularly
higher-order and non-homogeneous ones, frequently
poses substantial computational hurdles. One
effective method for overcoming these obstacles is the
discrete Putzer algorithm.

This approach streamlines the calculation of solutions
to linear and nonlinear difference equations, building
on the fundamental Cayley-Hamilton theorem and
matrix theory. The discrete Putzer algorithm uses
eigenvalue analysis to expedite the process in contrast
to conventional techniques, especially for autonomous
systems of differential equations.

Because of this, it works very well in applications that
need exact answers, such population modelling and
sequence analysis, which includes Fibonacci
sequences.

Studies have demonstrated that the algorithm's
accuracy and robustness are improved by spectral
radius analysis and eigenvalue characteristics [1-7].
For [4] extended Putzer’s representation to compute
analytic matrix functions using omega matrix
calculus.

It is a vital tool for both theoretical and practical
applications due to its computational efficiency in
handling higher-order systems. Through thorough
examples, this study will explore the algorithm's
efficacy for developing approaches to addressing
dynamic systems.

Many research studies are conducted in fields like
engineering, applied  mathematics, and t
The Putzer algorithm
Theorem 1: Putzer algorithm [6]
The Putzer algorithm provides an efficient solution to
the linear difference equation u(t + 1) = Au(t) with
initial vector u is
n-—1
u(t) = Z i1 (Miug = Ay,
i=0
Where M; are given by
My=1 =M, =A—-ADM;_;(1<i<n)
and c¢;(t), (i = 1,2,---,n) are uniquely determined by

equation
a(t+1) A0 0 - 071c (D)
c(t+1) 1 4 0 - 0flc(t)
; =lo 1 A - off :
ca(t+1) 0 0 1 Adle,(®
with
c1(t) 1
c, (1) 0
i | =10}
: 0
¢, () 0

Proof:- According to the Cayley-Hamilton theorem,
if A isann X n matrix, then any power of A (i.e., A™)
can be expressed as a linear combination of
1,A,A% - A" L,

This means that all powers of A can be written in
terms of these powers. Let A;,1,,:-,1, be the
eigenvalues of A, which may not be distinct, with
each eigenvalue repeated according to its multiplicity.
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M, =1, (the identity matrix),
M; = (A—A4DM;_,, fori=1,2, ...,n} @)
Since M, =1 this recursion will eventually yield
M, =0, which is consistent with the Cayley-
Hamilton theorem. If A;, A, , -+, 4, are eigenvalues of

A then the characteristic equation is
A=2)A=2) A= 21,) =0
By Cayley-Hamiltion
A-4LDUA=2D - (A=-2,)=0
Now, definition (1) implies that each A’ is a linear
combination of My , M, ,---,M; for (i =0,1,2,---,n —
D

theorem

n-1

At = Z i1 (OM; fort =0

i=0
where c; 4 (t) are to be determined.
Now, we can write,

At+1 — A.At
n-1 n-1
D cnOM =4 cn(OM, @
i=0 =
n-1
= Z Ci+1()AM;

i=0

By using (1), we get
n-1

= Z Civ1 (O [Miq + A1 M;]

i=0

n-—1 n-1
= Z i1 (OM; + Z Civ1 ()11 M; 3)
i=0 =
o

M,=0= z Civ1 (OMitq
i=0
Replace i by i — 1 in first sum and use the fact that
n-1

= alom;+ Z Cer (OAisa M;

i=1
Equation (3) is satlsfled |f the ¢; (),

(i = 1,2,---n) are chosen to satisfy the system:
(Equating the coefficients of M;s, we get)
o(t+1) A0 0 - 071y (t)
c(t+1) 1 4 0 = 0flc(®)
: =0 1 A; - O @)
cn(t+1) 0 - 0 1 Adlep(®
Since A°=1=c¢,(0)+ -+ c,(0)M,_; , we must
have
c1(t) 1
c2(t) 0
;| =10 (5)
: 0
cn(t) 0

By theorem, the initial value problems (4) — (5) has
a unique solution, hence the theorem.
Examplel: Putzer algorithm

Solve u(t +1) = Au(t), where A = [_11 ﬂ

To find eigenvalues consider characters equation
_ 1 17_ .11 07 _
A-2A=0= |[_1 1] ,1[0 1]| =0
=S01-D2+1=1-21+2+1=0
S -2+2=0= 14, =1%|
are the eigenvalues of matrix. Now, we know that
M0 =1

1] —@+D [0
—l 1
-1 —i
Also ¢, (t) and ¢, (t) satisfies the equations
[Cl(t + 1)] [ ] [Cl(t)] [01 (0)] 1]
c(t+1) c2(t) c2(0)
[cl(t + 1)] _ [1 +1i ] [01 (t)]
o+ 1] 1—illc, ()
And c(0)=1,c,(0)=0
at+1)=>0+Da®), «0=1—(6)
Gt +1) =c () + (1 - Dey (D),
c(0) =0 — (7)
Solving (6), we get ¢, (£) = (1 + i)*
Then, (7) becomes
Gt+1D) =0 =D, () + 1+, (0)=0
t+1D) -1 =D (t) = 1+, c,(0) =0
(E-(Q-D)() =1+
Using annihilator method
[E-QQ+D]E-1-D]c,(t) =0
“[E-Q+D]A+d)=0=>E-DA=0
,t)=AQ-D*+BA+i)t
Substituting in equation to find value of, we get
1 i

T2 2

M1=A_/11[=

This gives,

() =A0-D+ —%(1 + i)t

But,
0=0=>A : :
= 1 == ——
© 2”72
Finally, the solution is
u(t) = (c; (O + c,(OMy)ug

w() = (1 + D) [(1) 2]

i -i 1
- Nt Nt l
+5l -0 (1+1)][_1 -
which is the required solution.
From (Putzer algorithm)
T LT
1 cos—t SIHZ t
At = (O + e, (OM,) = 272 T ,T
—sin 1 t cos 2 t
The discrete Putzer algorithm
Autonomous homogeneous linear systems of

difference equation. Consider a first order linear
discrete system of the form

x1(n+ 1) = ay10,(n) + agx,(n) + -+ + agex(n)
X,(n+ 1) = azx,(n) + azx,(n) + -+ + agx(n)

X+ 1) = agx,(n) + aex,(n) + - + aggex(n)
We can write this in vector form as
X(n+1) =A4X(n)
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where
A = (a;;)is ak X k matrix.
Suppose that X (0) is known. Then
X(1) = AX(0)
X(2) = AX(1) = A%X(0)
X(3) = AX(2) = A%X(0)
Continuing with this pattern, we see that
X(n) = A"X(0)

x(n+1) x;(0)
x(n+1) =< : )zAx(n),x(O) =< : >
x,(n+1) x.(0)

An algorithm for calculating the matrix is
provided by the following theorem A™
Theorem 2: The discrete Putzer Algorithm [3]

Let A any kxk matrix with Eigen values

A1, A, -, A . Then )

an ="y mMQ - 1)

J=1
Where
n=1
() = 2wy = ) 7, ()
i=0

For the proof see [3, 6]
Example 2: Consider the system of difference
equations
x1(n+1) =x(n) —x,(n)
x,(n+ 1) = 2x,(n)
with initial conditions x; (0) = 0 and x,(0) =1

If x(n) = (x,(n) ,xz(n))T and 4 = (1 _1), then

0 2
we have
X(n+1)=4X(n),X0) = (0,1
In order to determine the eigenvalues of A, we solve
the equation
[A-AU=1-21)2-1)=0
The eigenvaluesare 1, = 1,4, = 2. Now from the
Putzer algorithm
Ar = 32wy M - 1) = w, (M) +
u,(mM(1) ,

_,_(1 0
Where M(O)—I—(O 1)
M(1)=A—/111=A—I=(8 _11)
Now, u(n)=A=1"=1,u,(n) =

Y BT ()
n-1

n-1 i — 1
— Z Zn—l—i — 2n—1 Z (1) — 2n—1 1 (2)
2 1

i=0 1-— >

i=0

=2n—1
W AN = 1((1) (1]) +@M—1) (8 _11)
- ((1) 1 i;nzi 1)
(¢ 55

Hence the analytical solution is

0= r=( 505
“x(n) =1—2" and x,(n) = 2"

X = (), x,(n), -, x,(m) )" and

By using MATLAB Code, we get Figure 1

E Solution of the Difference Equation System

1000 -

500 -

0 &
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n

Figurel: Numerical Solution of the system of
Differential Equations

Remark 1: The analysis and solution of any k-th
order difference problem can be simplified by
transforming it into a set of difference equations of
the first order. This approach reduces the complexity
of higher-order problems, particularly for numerical
methods, by decomposing them into multiple first-
order equations.
Example 3: To determine the analytical solution to
the third-order system, apply the discrete Putzer
method.
xn+2)=3x(n+2)—-3x(n+1)+x(n)
x(0)=1,x(1)=0,x(2) =3

To solve this problem by writing the discrete system
above as follows:

x(n+1) =y(n)

y(n+1) = z(n)

zn+1) =3z(n) —3y(n) + x(n)

Therefore, the system of the first order linear
difference equation as

X(n+1) =AX(n)
Where

ﬂ@=M@ﬂM?®T

0 1
A= (0 0 1)
1 -3 3

The corresponding initial condition is,
T T
X(0) = (x(0),y(0),2(0)) = (x(0),(1),2(2))
= (1!0l3)T
To find the eigenvalue,

-1 1 0
[A—AIl=|0 -2 1
1 -3 3-1

=-A1-3)+3]-1(-1) =
=-AA-31-3)+1=—-1-1)32=0
Therefore, eigenvaluesare 4, = 1, = 1; = 1.
Now, from the Putzer algorithm,
3

At = Z uy (M-
= MOy () + M(Duuy () + M@y ()
1 0 O

where, M(0)=I=(0 1 0],
0 0 1
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-1 1 0
M) =A —I—( -1 1>
-3 2

1 -1 1 0
M(2)-(A—I)2=< —1 1)(0 -1 1)
-3 2 1 -3 2

1 -2 1
(1 -2 1)
1 -2 1
u(n) = = 1 =1

u,(n) —Z/ln =iy () —Zl” =iq

n-1
1=

i=0

n-1 n-1
uy(n) = Z A1y () = z n-1-i
= i=0
e
B Z .n (n-1)
= i = >

i=0

Therefore,
"= MO)u;(n) + M(Duy(n) + M(2)uz(n)
1 0 0 -1 1 0

=1<0 1 0 +n<0 -1 1
0 0 1 1 -3 2
n(n—l)(1 -2 1
+T 1 -2 1

1 -2 1

Now, X(n) = A"X(0)

1 0 0 -1 1 0
=[<0 1 0>+Tl<0 -1 )

0 0 1 1 -3 2
2 2 1))

+T 1 -2 1 0

1 -2 1 3

xM)=1-n+2nn—-1)=1-n+2n2-2n

Uy

=1-3n+2n?
ym) =0+3n+2n(n—1)=3n+2n%-2n
=n+2n?
zn)=3+7n+2n(n—1)=3+7n+2n%-2n
=3+ 5n+ 2n?

It is easy to plot the numerical solution by using
ode 45, we obtain Figure 2

0 Solution of the Third-Order Difference Equation
T T T T

250 -

L L L
0 2 4 6 8 10
n

Figure 2: Numerical solution of the Third DEs

Remark2:
e The values for x(n), x(n + 1), and x(n + 2)
Every time step is printed.
e The plot shows how these values evolve over
the steps fromn = 0 ton = 10.

Non-Homogeneous systems of linear
difference equations.
Consider the non-homogeneous linear system
X(n+1)=AX(n)+ b(n)
Where X (n) and b(n) are k x 1 column matrices and
Aisak X k. Then the analytical solution is given by

X(n) = A"X(0) + Z AMT1p(r)
r=0

Where:

X(0) is the initial state at n = 0. The first term,
A"X(0), symbolises the remedy for the system's
homogenous component. The second term,
Yot an=m=1p(r), accounts for the contribution of the
non-homogeneous part.

The solution comprises two components: the
homogeneous solution and the non-homogeneous
solution. The term A™X(0) describes the system's
evolution from the initial condition X (0) over n steps,
governed by the matrix A. Meanwhile, the summation
term accounts for the non-homogeneous influences at
each time step, incorporating the cumulative effect of
the forcing function b(n) across previous time steps.
Example 4: Use the discrete Putzer algorithm to find
the analytical solution to the system

2 1
X+ = (5 6)X( n+ (%, ") 20 = (5)
Solution:-
Let
A=(_22 2):|A—M|=O
=A-2)1—-6)+4
=12—-81+12+4
=12-81+16=1—-4)* =0
Therefore, the eigenvalue of Aare A, = 4 = 1,.
Now, from the Putzer algorithm.
2

An = @M( - 1)
= 1 (WM () + up (M (1)
Where

Mo = () )M =a-41=("3 ?),
ul(n) =11 = 4"

uz(n) Zln 1- Lul(l) _2411 1- 141
2411 1 = n4n- 1

s AT = u1 (n)M(O) + u,(n)M(1)
— AN 10 n-1 -2 2
=4 (0 1)+n4 (_2 2)

o = (4" — 2n4nt 2n4n1 )
—2n4"1 4" 4 2n4nt
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Hence, the analytical solution is given by

n-1
2(n—r—1)4"72 )

Z (4—"_r_1 —2(n—r—1)4n"""2
—2(n—1r—1)4"T"2 gl 4 2(n—r—1)

r=0
3 (4" —2n4" 1 4 7(2n4"—1))
—2n4"1 4+ 7(4™ 4+ 2n)"t
n-1
+ Z - (411—1"—1 _ Z(Tl —r - 1)417.—1‘—2) _
] —2(n—r—1)4"""2 B
r=
_ [ 4"+ 12n471 )
~\7(4™) + 12n4m1

n-1

+ Z o (41’1—1‘—1 _ Z(n —r = 1)417.—1‘—2)
—2(n—r—1)4"72

By using_numerical solution, we obtain Figure 4

4 %107 Solution of the Non-Homogeneous Linear System

Values
N

Figure 4: Solution of the Non-Homogeneous Linear
System
Initial value problems for linear systems

Consider value problems for linear form
w (t+1) = a; (O (6) + -+ a(Oun (8) + f1()
Up(t + 1) = ap (DU (t) + + + 4z (DU, (t) + fo(2)

Up(t + 1) = Ay (Ouy () + -+ + anp (O un (O + f(0)
For, t=a,a+1,a+2,-~. This system can be
written as an equivalent vector equation,

u(t+1) =A0u) + f(0) (8
Where
[uy (t)
u@) = |20
1, ()
[aq,(t) an(t)
A(t) = a21‘(t) az{(t) )
4 (® - am®],,
JA)
f(t) — fZ (t)
f®

The study of equation (8) includes the n** order
scalar equation
F@®y+n) + -+ POy@E) =r) (9
As special case. To see this, let y(t) solve equation
(9) and define
w()=yt+i—1) for
1,

1<i<n,t=a,a+

Then the vector function u(t) with components u;(t)
satisfies equation (8) if

0 1 0 0
0 0 1 0
A =| 0 e 1
—Py(t) —Pi(t) —P(D) —Pp_1 (1)
PR RO  BRQ® NG
0
0
J@®) =] (10)
r(t)
P, (1)

The matrix A(t) in equation (10) is" called the
companion matrix" of equation (9). From (9)
r(t)  —Pua(t)

y(t+n)= (0 o) yit+n—-1)
_Pn—Z(t)
- 7Pn(t) y(t+n
—P
—2) - O(S) y(t)
wy(E+1D)=y(t+1)
u,(t+1) =yt +2)
Since, uz(t+1) =yt +3)
Yalt+1) = y(E+1)
But
uy (t) = y(t)

w(6) = y(t +1)
us(6) = (¢ +2)

Yu(O) = y(t +71— 1)
= u(t+1) =u(t) ,u,(t+1)

= U3 (t) ...... un—l(t + 1)
= uy (1)
P, P,
= un(t) = —PO—Egul(t) - P—Eguz(t) ......
Pn—l(t) r(t)
G) Un(®) + P,(t)

Conversely, if u(t) solves equation (8) with A(t)
and f(t) given in equation (10), then y(t) = u,(t)
is a solution of equation (9).
Theorem 3: [3] For each t, in {a,a + 1,--- } and each
n — vector u,. Equation (8) has a unique solution
u(t) defined for t = t,t, + 1, -+, so that u(t,) = u,.
Now assume that A is independent of t (ie, all
coefficients in the system are constants) and f(t) = 0
. Then the equation (8) reduces to

u(t +1) = Au(t) (1)
Then the solution u(t) of equation (11) satisfying the
initial condition
u(0) = ug, is u(t) = A'uy(t = 0,1,2,--).
Hence the solutions of equation (11) can be found by
calculating powers of A.
Example 5: Population of American bison
Let u,(t),u,(t) and us(t) represent the number of
calves, yearlings, and adults, respectively, after t
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years, and represent the American bison population
vector.
Let's say that the number of infants is 42 percent of
the number of adults from the year before. Assume
additionally that 75% of yearlings grow into adults,
95% of adults survive to live the next year, and 60%
of calves live to become yearlings each year. The
linear system is therefore satisfied by the population
vector u(t).

u (t+1) = 0.42u5(t)

u,(t + 1) = 0.60u,(t)

us(t + 1) = 0.75u,(t) + 0.95u;(t)

(i,e) u(t + 1) = Au(t), where

0 0 042 uy (t)
A=[060 0 0 Ju(t) = uy, ()|
0 0.75 0.95 3%3 u3(t)

To solve this problem by using also ode 45, we get
the following figure.

Conclusion
We have demonstrated the effectiveness of analytical
and computational approaches, such as matrix-based
solutions and the Putzer Algorithm, in solving both
homogeneous and non-homogeneous systems. The
use of matrix exponentiation provides an efficient
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Figure 5: Population Dynamics of American Bison
Graphs showing the changes in the populations of

calves, yearlings, and adults over the years.
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